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Abstract 

The tunneling method for stationary black holes in the Hamilton- Jacobi variant is reconsidered in the light of various 
critiques that have been moved against. It is shown that once the tunneling trajectories have been correctly identified 
the method is free from internal inconsistencies, it is manifestly covariant, it allows for the extension to spinning 
particles and it can even be used without solving the Hamilton-Jacobi equation. These conclusions borrow support on 
a simple analytic continuation of the classical action of a pointlike particle, made possible by the unique assumption 
that it should be analytic in complexified Schwarzschild or Kerr-Newman spacetimes. A more general version of the 
Parikh-Wilczek method will also be proposed along these lines. 
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1. Introduction 

When the tunneUng method was first proposed ^ 
a certain discomfort appeared 
soon, having mainly to do with two aspects of the 
method. One was that even employing a coordinate sys- 
tem covering regularly the horizon, the action (or the 
radial momentum) exhibited a pole, thus demanding a 
proper treatment; on the other hand, a direct integra- 
tion across the singularity in Schwarzschild coordinates 
(or Boyer-Lindquist for Kerr) produced twice the cor- 
rect Hawking's temperature of the BH, as noted in JtI- 
The second had to do with the possibility that a com- 
plex contribution from the temporal part of the classi- 
cal action /, namely the term J djclt, could either can- 
cel or doubling the relevant emission term, if not prop- 
erly handled. Several proposal where soon advanced 
11511 . Although each one has its 
own merits, we shall see that no one is particularly com- 
pelling. Most of the derivations and the ensuing prob- 
lems have to do with coordinates choices, or lack of 
manifest general covarianc eQ (see for a particular 
approach to this problem for weakly isolated horizons). 
To be completely clear it must be said that when Parikh 
& Wilczek Ol (see also (l^ ) introduced their method. 



' Even the top cited paper by Parikh & Wilczek [Ij] used Painleve- 
GuIIstrand coordinates, thus avoiding problems with covariance. 



successively dubbed "the null geodesies method", the 
main motivation was to reveal the back reaction correc- 
tions to first order in e/M, where M is the black hole 
mass and e the energy scale of the process. No back 
reaction correction will be considered here, as it is not 
really needed to derive the Hawking effect. Our em- 
phasis will be on covariance with the aim of resolving 
certain conflicts between different views, hence the pre- 
ferred method should be invariant ab initio. To this aim 
we will work with the Hamilton-Jacobi (abbr HJ) ver- 
sion of the method. 

So after a brief review of this method we shall propose 
such a covariant derivation of the tunneling method. 
A "covariantized" Parikh-Wilczek method will also be 
proposed along these lines. 

2. The tunneling path and the method 

According to a standard picture of the black hole ra- 
diation, a pair is created somewhere near the horizon, 
one member escaping to infinity with positive energy, 
the other falUng down the black hole and carrying neg- 
ative energy. And this process continuously occurring 
here and there adds up to form the thermal streaming 
from the black hole. According to Hartle and Hawking 
11171], this can be described equivalently as the escape of 
a particle along the forbidden path, the right one in the 
figure. We shall call this the tunneling path. Once out of 
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the horizon the particle cannot do anything but moving 
forward in time, eventually ending its journey reflected 
back into the black hole. 





Figure 1 : To the left, a pair come into being near tlie horizon; to the 
right, part of the equivalent tunneling path and a segment of an ingoing 
path. 



To see what motivated the perplexities, let us review 
the HJ method starting with the Schwarzschild metric 



2m 



dt^ + 11 



2m 
r 



dr^ + r^da? (1) 



In the tunneling method one is interested in the imagi- 
nary part of the integral of the action along the tunneling 
path, say 



dl 



(2) 



the arrow denoting the horizon crossing path and dl the 
diff'erential of the action of a spinless massless particle. 
Ignoring for the time being that the portion of the path 
crossing the horizon is not covered by a single coordi- 
nate patch, the HJ equation gives 



I = -Et + 



Erdr 



2m 



+ J(p 



(3) 



It is argued that the internal segment can only be reached 
through a journey into complex r-space, and the right 
procedure to do so, as will be seen, is Feynman ie- 
prescriptior0: the substitution r - 2m — > r - 2m - ie. 
Since (r - 2m - /e)"' = P[{r - 2ot)"'] + inSir - 2m), P 
denoting the principal part, we get 



(4) 



K = (4ot)"' being the horizon surface gravity. Identify- 
ing the emission probability with Pem ~ exp(-23/) = 
expi-TTK^^ E) gives then the temperature k/tt, twice the 



^This was first introduced in H8i1 and justified without using 
Kruskal coordinates in (2||. Extension to Lemaitre and Painleve co- 
ordinates were presented in jsj and taken to indicate the covariance 
we alluded for 



Hawking result. This is in common with the Kerr met- 
ric, which in Boyer-Lindquist coordinates reads 



cr 

S sin^ 6 



ds^ = -^df + ^dr^ + p^de^ 



(5) 



- (d(f) - (jjdf) 



with the standard definitions 

A - p- - 2mr + a^, - + cos^ 6, 

2mar 



Afl^ sin^ 9, 



a> 



(6) 
(7) 



The parameter a is the angular momentum per unit 
mass, J - ma, and m is the ADM mass. The hori- 
zon is the largest root of A = 0: r-t 



m + yfm^ — a^. 
The HJ equation is separable in the Kerr field 1 19], i.e. 
/ = -Et + J(p + W{r) + S(9). Solving the equation gives 



W(r) 



(8) 



where = [E(r^ + a^) - aJ]^ - KA and K isa constant. 
The integrand has a simple pole at r = r+, where A = 0. 
Therefore, as before. 



2k 



IS 



where k is the surface gravity and O = a/2mr+ 
the angular velocity of the horizon. Again ~ 
exp(-23/) - exp[-nK^^{E - Q.J)] gives T = k/t:, twice 
the Hawking result. 

A number of solutions were advanced. In JtI [111] it 
was proposed to use the proper distance from the hori- 
zon, on the ground of covariant requirements. In lll2l 
it was convincingly proved that a similar imaginary part 
would be produced by the temporal part of the action 
(see also LI 3,1 ). Others ventured to suggest that there is 
not even an imaginary part, the temporal part cancelling 
the simple pole on using the HJ equation |20]. Of course 
in general there is also an amplitude to cross the horizon 
inward (H^l 



^Jrdi, 



-Et- 



Erdr 
>• — 2m 



+ J4> 



(9) 



because to an outside observer the particle never reaches 
the horizon in real Schwarzschild time. Hence deform- 
ing the contour as above would give 



3 

Therefore 



3re 

2d j^dI-25 ^dl^^ 



(10) 



2 



Taking the exponential gives 

P - P u f,-^"^/" 
^ em ~ ^ abs^ 



(11) 



which is recognized as the detailed balance condition 
for a system in thermal bath. This is certainly correct 
but the derivation looks very suspicious. On the one 
hand the pole prescription seems contrived just to ob- 
tain the wanted result. On the other hand the use of sin- 
gular coordinates to describe horizon crossing trajecto- 
ries is very awkward, a point which was made clear by 
the Parikh and Wilczek treatment of the problem. We 
cover this last point with an example. The metric ([1} 
can be made regular across the horizon by passing to 
Eddington-Finkelstein advanced coordinates (v, r, 0, (p) 



2m 



ds^ ^-\^- ~y^'' + + r^d(J- (12) 

The action is / = -Ev + J4> + W{r) + S (0) (note that 
dj - d,I) and from the HJ equation, g^'^d^ldvl = 0, 
one gets 



W(r) = 2E 



r rdr 
J r - 2m 



(13) 



Notice the factor two coming from the 2djdrl term in 
the HJ equation. On the ingoing path on the other hand 
one can easily see that there is no pole on crossing the 
horizon and consequently no imaginary part. From (ITTi 
we obtain the correct result 



i 



3 %dl 



ttE 



(14) 



Similar conclusions can be drawn using other regular 
coordinates, for example the Painleve-Gullstrand coor- 
dinates employed by Parikh & Wilczek. The idea that 
by using coordinates which are regular across the hori- 
zon eliminates all sort of problems is one point made in 

iH. 

We will soon see that Eq. (fTOl i is correct (for 
Schwarzschild BH) although not always the ingoing 
term adds an imaginary part, except that when it does 
the coordinates as a rule fail to cover the horizon. Note 
that the left hand side of ( fTOt is a coordinate scalar, so it 
must be possible to obtain it from invariant arguments. 
This is provided by the analytic continuation of the clas- 
sical action throughout complexified space-time. 

3. The analytic argument 

To justify the above machinery, and in particular the 
Feynman ;e-prescription, we shall now rotates the tun- 
neling path away from the horizon, as shown in Figure 

El. 




Figure 2: Rotation of the tunneling path to cross the past horizon, 
where it becomes classically allowed. The path actually moves away 
from the plane of the figure. 



We shall use in intermediate steps the well known 
Kruskal coordinates {U, V), such that U < 0, V > 
in region /, f/ > 0, V > in region 11, U < Q, V < Q 
in region IV, and go to complex {U, y)-plane putting 
U = t/exp(/^), V = y exp(-/^), < A<n.To under- 
stand this choice note that it corresponds to a Wick-like 
rotation of Schwarzschild time t ^ t - iA/k. Now 

dl = dcfldU + dvIdV = duIdU + dvIdV (15) 
+ [Udul -VdvI]idA (16) 

where a term d^Id^ + deldO has been omitted since it 
does not give contributions to the imaginary part (but 
see the Kerr solution below). From the property of 
Kruskal coordinates one has 



Udul + Vdvl = d,I : 



-K-'E 



(17) 



Assuming analyticity, the integral over the segment a — > 
— > c is now equal to the integral over the semi-circle 
[0, n] (over which U, V are constant) plus the integral 
over the segment a b c, over which A is constant 
(and equal to n); thus we obtain 



(18) 



where now the upward arrow refers to the path crossing 
the past horizon, which is classically allowed. Therefore 
E is the conserved energy of the particle. The Feyn- 
man prescription is now clear, because it is the only one 
which is consistent with the analytic method. By time 
reversal invariance the amplitude to cross the past hori- 
zon outward is the same as the amplitude to cross the fu- 
ture horizon inward, therefore Eq. (ITSl is just the same 
as Eq. ( fTOb . If instead we choose to continue analyt- 
ically the other way, say by putting U - U exp(-iA), 
V - Vexp{iA), < A < 7T, which correspond to a 
counter clockwise Wick rotation, t t + iA/k and a 



3 



Feynman prescription r — > r + ie, we would obtain 



where 



P. 



abs 



-IttE/k 



(19) 



This can be interpreted as the detailed balance condi- 
tion for a white hole to absorb a quantum particle via 
the past horizon, a process that would be classically for- 
bidden by causality. 

Spinning particles - All we come to say should ap- 
plies equally well to spinning particles. The known La- 
grangian formulation of such systems do not modify the 
free action term, which is where the pole at the hori- 
zon resides. Equivalently, the Hamilton-Jacobi equa- 
tion for fermions is just the same as for spinless parti- 
cles as it represents the phase of the spinor amplitude 
11221 123II25II . It is important that these expectations were 
recently extended to spin-1 bosons, and that the Hawk- 
ing temperature will not receive higher order corrections 
in h beyond the semi-classical ones |26] (see also jllil 
for a different view). 

Kerr black hole - We can extend the calculation to the 
Kerr solution by noticing that throughout the complex 
manifold the azimuthal angle must also be rotated to 
keep the metric regular, more precisely — > - iQ.A/K. 
Then adding the term d^Id(p to the differential dl would 
produce an imaginary term after a 7r-rotation, equal to 
-inQ.d^I I K. The outgoing trajectory from the past hori- 
zon is a classical solution so d^I - J, the conserved 
angular momentum. We obtain in this way the result 



3 



dl + -(E ■ 

K 



Q.J) 



(20) 



2m a 1 

V(r) = 1 + ^ = (r - r^){r - rS) (24) 

r r^ r^ 



and the electromagnetic field has potential A - r Qdt 
(a one-form). The action to be integrated on the tunnel- 
ing path is dlo + eA, where Iq is the free action and e the 
electric charge. The form A is ill-defined at the horizon, 
for this reason one usually makes a gauge transforma- 
tion to a form A - A + df which is regular there. In 
our case the analytic continuation takes A away from 
the horizon so this will actually be unnecessary. Using 
as above complex {U, V) coordinates we obtain 



3 



dl + -(E - eO) 

K 



(25) 



where E — -dJo is the mechanical energy and O - 
qlr+. The quantity £ - eO is gauge invariant and 
conserved along the outgoing path from the past hori- 
zon. The extension to cover the Kerr-Newmann solution 
should now be obvious. 

A generalized Parikh-Wilczek method - The previous 
considerations suggest a simple generalization of the 
null geodesies method. The authors manage to compute 
the imaginary part of the integral of the radial momen- 
tum in Painleve-Gullstrand coordinates, namely 



3 



Prdr 



(26) 



(21) 



Of course in quantum theory the angular momentum 
is quantized. As is well known the emission and ab- 
sorption probabilities for particles with energy E and 
angular momentum j are related to the Bogoliubov fi- 
coefficients, whose computation is a classical problem 
involving the relevant field equations. Unitarity in the 
space of classical solutions relates them to the transmis- 
sion coefficient F^y,,, through the potential barrier sur- 
rounding the horizon 



abs • 



■ ^em ~ ^ E jm 



(22) 



where the (+) is for fermions and the (-) for bosons. 
Together with (fTTT i it gives the Bose-Einstein or Fermi- 
Dirac spectrum. 

Charged black holes - The prototypical charged solu- 
tion is the Reissner-Nordstrom metric 



ds^ = -V(r)dt^ + 



1 



■dr^ + r^d(x? 



(23) 



This looks non covariant, but we may substitute the full 
Liouville differential one-form, m - Pf,dx^, in place of 
the radial momentum, which is nothing but the reduced 
action. We can now analytically continue as explained 
above, first by writing m - pudU + pvdV, then rotating 
(U, V) from zero to n and finally integrating along the 
rotated curve. As in Eq. (flSt the imaginary part will be 
in(Upu - Vpv)- but, as in Eq. (fTTl l. this is -inp,/K - 
IttE/k, where E is the Killing energy as measured at 
infinity. In all we get 



3 ^^^17-3 f^-^ 



(27) 



Incidentally this shows that the null geodesic method 
and the HJ method are completely equivalent as far as 
stationary black holes are concerned. A confirmation of 
this fact based on specific coordinate systems was pre- 
sented in fl^. This is true because the Hawking effect 
is an energy conserving process, so that the reduced ac- 
tion is all one needs in a static geometry. 
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4. Conclusions 

The main result of this work, namely equations (fTST l. 
( l20b . dZSl ) and ( l27b . show that it is possible to formulate 
a coordinate invariant statement about semi-classical 
horizon tunneling. It is not even necessary to use the 
Hamilton- Jacobi equation or the Hamiltonian equations 
of motion, although one needs to know which paths are 
forbidden and which ones are not. Nor it is necessary 
to prescribe some special coordinate system, as some- 
time it is rumored in relation to the Painleve-Gullstrand 
frame. In particular the imaginary temporal contribu- 
tions can be present or not, depending on the chosen 
time, but they will never cancel the pole part. In fact the 
formalism appears covariant and therefore independent 
on which particle concept (or time) one employs. It is 
hoped that this will contribute to a better understanding 
of the tunneling mechanism. 

We wish to acknowledge R. Di Criscienzo and G. Ac- 
quaviva for useful discussions and for supporting the 
figures. 
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